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Abstract

In this paper, the problem of computing inverses of polynomial matrices has been revisited
and algorithms of easy implementation are proposed to deal with either column or non-column
reduced matrices. Other contributions of the paper are algorithms to perform column reduction
and determinant of polynomial matrices.
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1. Introduction

Polynomial matrices play an important role in mathematics [1,2] and also in
control engineering [3-5]. Among the topics related to polynomial matrices, the
computation of inverses has recently been of great interest [5-9]. Inouye [6] pro-
poses an algorithm, which requires the polynomial matrix to be column-proper.
This deficiency has been removed by Buslowicz [7] without ensuring that the in-
verse numerator matrix is irreducible and the denominator polynomial is minimal.
This constraint has been partially solved by Zhang [8], who addressed the case
of column reduced polynomial matrices. The algorithms proposed by Inouye,
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Buslowicz and Zhang have, in common, the fact that they are all based on recur-
sive formulae, being suitable only for matrices of low dimensions. In a different
way, Schuster and Hippe [9] compute polynomial matrix inverses by interpolation,
but the efficiency of the proposed algorithm is very dependent on the interpolating
points which are to be chosen. A more general algorithm for the computation of
polynomial matrix inverse has been given by Stefanidis et al. [5], which is based
on the inversion of a real matrix obtained from an appropriate Sylvester resultant
matrix. Sylvester resultant matrices are generally of high order and this makes the
algorithm proposed by Stefanidis et al. also suitable only for polynomial matrices
of low dimensions.

In this paper we propose a general algorithm valid for both column and non-
column reduced matrices. When the matrix is column reduced, a minimal state-space
realization for the inverse can be obtained directly. Otherwise, an algorithm, which
is a modification of a previous one [10], provides the means to obtain a column
reduced matrix by post-multiplication of the original one by unimodular matrices.
In that case, inversion is carried out by finding the inverse of the resulting reduced
matrix and then by pre-multiplying the inverse by the unimodular matrix constructed
in the reduction algorithm. In both cases, Leverrier's algorithm can be deployed to
get a transfer function representation of the inverse. The whole algorithm is very
simple to implement and this has been possible because well-known facts of the
theory of polynomial matrix and state-space realizations have been put together.
To the author’s knowledge, this had not been done before.

This paper is structured as follows. Section 2 presents the problem of inverting
a polynomial matrix and proposes three algorithms: Algorithm 1 proposes to find
a state-space representation of the inverse of a column reduced matrix; Algorithm
2 proposes to carry out column reduction and Algorithm 3 proposes to find in-
verses of non-column reduced matrices. The results of the paper are illustrated by
means of two numerical examples in Section 3. Finally, conclusions are drawn in
Section 4.

2. Thealgorithm
2.1. Problem formulation

Let R™*"[s] andR™*™(s) denote, respectively, the rings of polynomial and ra-
tional matrices (not necessarily proper) of ordeand letD(s) € R™*"[s]. The
problem of computing the inverse @i(s) can be stated as follows: find a matrix
G(s) € R™™(s) such thailG(s) D(s) = I,,,, wherel,, denotes the identity matrix of
orderm. Assuming thatD~1(s) exists,G (s) can be written as

G(s) = L,D1(s). 1)
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WhenD(s) is not a unimodular matrix, then the right-hand side of Eq. (1) represents
a matrix fraction description (MFD) of G (s). Moreover, this MFD is irreducible,
i.e., all the greatest common right divisorsi@nd D (s) are unimodular, as stated in
the following proposition.

Proposition 1. G(s) = I,,D~1(s) isanirreducible MFD of G (s).

Proof. It suffices to find two matriceX (s), ¥ (s) € R"*"[s] satisfying the Bezout
identity [4, p. 379]:

X(s)D(s) + Y (s)I = I. 2)
It is immediate to see tha(s) = I andY (s) = I — D(s) satisfy Eq. (2). O

Remark A. Although Proposition 1 seems to be very straightforward, the fact
that G(s) = 1D~ 1(s) is a right-coprime MFD has not appeared in the literature.
Indeed, the derivation of the algorithm proposed by Stefanidis et al. [5] starts from
the same manner as above, i.e., by writing the inverse of a polynomial matrix
D(s) asG(s) = ID~1(s), a right MFD. The authors, however, have not realized
the coprime nature of this MFD. In the sequel, Stefanidis et al. wgite) as

G(s) = [d(s)I,] TAdj[D(s)] (a left MFD), whered(s) is the determinant oD (s),

and by inverting a real matrix obtained from an appropriate resultant matrix,
Adj[D(s)] is obtained. It is important to remark that the real matrix to be inverted
in [5] has generally high dimensions, which makes the computatiof of(s)
numerically expensive.

With Proposition 1 in mind, a minimal order realization fG(s) can be obtained
according to the following result.

Proposition 2. Any realization of order equal to the degree of the determinant
of the denominator matrix of an MFD will be minimal if and only if the MFD is
irreducible.

Proof. See Kailath [4, p. 439]. O

Therefore, the problem of finding the inverse of a polynomial malix{x) turns
out to be the one of finding a minimal state-space realization for the irreducible
MFD given in (1). WhenD(s) is column reduced, such a realization can be obtained
directly [4, p. 403], as shown in the following section.

3 A MFD of a matrix G(s) € R™X™ (s) is a “ratio” of two matricesN (s), M(s) € R™*"[s] such that
G(s) = N(s)M~1(s).
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2.2. Aminimal realization for G(s) = I,, D~1(s) when D(s) is column reduced

It is well known [4, p. 384] that any polynomial matri®(s) can be written as
follows:

D(s) = Dpcdiag{s”,i =1,2,...,m} + DicP(s), 3)

wherev;, i = 1,2, ..., m are the column degrees pf(s) (the degrees of the poly-
nomials of largest degrees of each columnDaf)), Dy is the leading coefficient
matrix (a matrix whoseéth column is formed with the coefficients #f), Dic is a
matrix formed with the coefficients of the remaining lower degree terms¥rgl
has the following form:

w1 (s) :diag{[s“f*l sl =1, Zm} (4)

It is not hard to check that wheBR(s) is column reduced thebyc is non-singular
and therefore the degree of the determinant polynomi&l @ will be given by:
m
deg detD(s)] = Y " v;. (5)
i=1
This implies that, any state-space realization of (1) of order > ; v; will, ac-
cording to Proposition 2, be minimal. A straightforward realization for (1) is the
so-called controller realization [4, p. 403], which requires the following conditions
to be met: (i)D(s) column reduced, and (ii{7 (s) strictly proper. At this point it
will be assumed that condition (i) is satisfied (if this is not the case, an algorithm to
form a column reduced matrix equivalent®s) will be proposed in Section 2.4).
As far as condition (ii) is concerned, notice that if one or more columnb® @
have column degree equal to zero, ti@@) = 1 D~1(s) will not be strictly proper.
When this happens, it is necessary first to post-multiply) by a diagonal matrix
A(s) whose diagonal elements are eitker 1, if the corresponding column degrees
of D(s) are O or greater than 0. For example,Bets) € R?*?[s] and assume that its
column degrees are 1 and 0. In this cage) = diag(1, s}.
The post-multiplication ofD(s) by a diagonal matrixA(s), defined as above,
implies that one is now computing the inverse of the following polynomial matrix:

D(s) = D(s)A(s). (6)

From the computational point of view this does not represent any problem since
the multiplication of a polynomial matrix by the diagonal matrix defined above is
straightforward. It is also important to notice that:

(i) D(s) andD(s) have the same high coefficient matrices;
(i) det[D(s)] = def{D(s)]s"°, whereng is the number of columns ab(s) with
degree equal zero;
(i) D~1(s) = A(s)DL(s).

With this in mind, a minimal order state-space realizationfor!(s) can be ob-

tained according to the following algorithm.
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Algorithm 1.
Step 1. For a given column reduced polynomial matrix

D(s) = [dy(s) dp(s) --- d,,(5)]

computeD(s) = D(s)A(s), whereA(s) = diag{8; (s), i = 1,2, ..., m}with 8;(s) =
1, ifdedd; (s)] # 0O, oré; (s) = s, if degd, (s)] = 0.

Step 2. Find constant matricé¥. and Dic such thatD(s) = Dpc diag{s"i, i =
1,2,...,m}+ Dic¥P(s) as given in (3).

Step 3. Form the matrice$,, Bo, andCq,, where

0 0 0 0
10 00

Ag, = blockdiag] |0 1 0 O vixv,i=12..,m},
0 0 10

Be, = blockdiag{[1 0 -+ 0], ux1 i=12...,m]

and compute the matricetg and B. as follows:

Ac= Ay — BCoDrTchm’
Bc= Be,Dpd

Step 4. Writel,,, the numerator matrix 06 (s) = I,,D~1(s), as I,, = Nic ?(s),
where

Nic = blockdiag{[0 0 --- 0 1],1xv,i=12....m}
and obtainCe = Njc.

Step 5.[Ac, Bc, C¢l is a minimal order realization a& (s) = 1,, D~1(s).

Remark B.

1. The algorithm above provides a simple and effective way to form a minimal order
state-space realization of the inverse of a column reduced polynomial
matrix D(s). Notice that sincdd~1(s) = Cc(sI — Ac) 1B, then a transfer func-
tion representation ab—1(s) can be obtained directly via Leverrier's algorithhn.
The computation ob~1(s) will then be immediate sincB~1(s) = A(s) D~ 1(s).

2. According to [4, p. 409], deD(s)] = det(Dpe) det(s/ — Ac), and once again,
Leverrier's algorithm can be deployed to compute Béf)] in a straightforward

4 A concise and helpful presentation of Leverrier's algorithm can be found in [4, p. 657].
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way. In addition, since the realization is minimal, then degBét)] = n, which
implies that the denominator polynomial Bf-1(s) is minimal.

2.3. Reduction of non-column reduced matrices

When the matrixD(s) is not column reduced, it is necessary, before applying
Algorithm 1, to find a column reduced matrix(s), Smith equivalent ta(s). This
is done by post-multiplyind (s) by a unimodular matrixU (s), which is generally
formed by the product of unimodular matrices.

Column reduction of polynomial matrices can be done in a variety of ways [3,4].
The methods are generally based on elementary column operations, which are known
to be very sensitive. Here we propose a more robust algorithm which is based on
singular value decomposition. This algorithm is a modification of a previous one
[10] that was used to find a right-coprime matrix fraction description of a transfer
matrix. The idea is, at each iteration, to post-multiply the matrix by an elementary
one (formed by a suitable permutation of the identity matrix) with the view to reor-
dering (in descending order) the column degrees and, in the sequel, to post-multiply
by a unimodular matrix (formed by replacing some columns of the identity matrix
by polynomial vectors) in order to reduce appropriately the column degrees. The
algorithm below gives not only the column reduced mafbigs), Smith equivalent
to D(s), but also the unimodular matri (s). The reader may find it useful to refer
to Example 2 while following the steps of the algorithm.

Algorithm 2.~
Step 1. DefineD(s) = D(s) andU (s) = I,.

Step 2. Find a constant matrixsuch thatD(s) = D(s)E has column degreds >
U2 > --- > . The matrixE can be obtained by an appropriate permutation of the
columns of the identity matrix of orden. ComputelU (s) = U (s)E.

Step 3. WriteD(s) = DncS(s) + Dic P(s), whereS(s) = diagls”, i = 1,2, ..., m}
and Dnc, Dic and % (s) are formed as in (3) and (4).

Step 4. Perform a singular value decompositiobgé and writeDnc = XY™, Let
p denote the number of zero singular valuesipt.. If p =0, then makeD(s) =
D(s), U(s) = U(s) and stop. Otherwise, collect the columips 1, j =1,..., p
of ¥ associated with thp zero singular values and form the set

Y= mpij» j=1,...,p)

Step 5. Lek; denote the position of the first non-zero elemeng,pf ,, ; and notice
that, because of the way singular value decompositions are perfokmed> «;.
Form the set

Y =1{31, 52, .-, Vp}s
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by keeping only the elements @f with distinct positions of the first non-zero ele-
ments. Let the position of the first non-zero element obex ;.

Step 6. Form a unimodular matriX(s) by replacing columng;, j=1,..., p, of
the identity matrix of ordem by polynomial vectors: ; (s) whose elementa; ;(s),
k=1,...,mare given by:

i (s) 0, k<Ej,
r, () =13_ . —p _
/ yk,jsv’(l k. k>kj.

Step 7. Computd(s) = D(s)U(s), U(s) = U(s)U(s) and go back to step 2.

Remark C. The reader might have realized that the matriz‘i{s) and U(s) are
re-defined at each iteration. This is so because the matrices actually needed are the
column reduced matri® (s) and the unimodular matri¥ (s) which carries out the
column reduction oD (s).

2.4. Inverse of non-column reduced matrices

Algorithm 2 provides the means to obtain column reduced and unimodular matri-
ces (D(s) andU (s), respectively) such that for a given non-column reduced matrix
D(s), we have:

D(s) = D(s)U(s). (7

Let G(s) = D~Y(s) and notice that sinc®(s) is column reduced. Then Algo-
rithm 1 can be deployed to compui&s). In addition, from Eq. (7), it can be checked
that:

DY) = U(s)D (), 8)
which implies that
G(s) = U(s)G(s). 9

The computation of the inverse of non-column reduced polynomial matrices can
be summarized in the following algorithm.

Algorithm 3. For a givenD(s), non-column reduced, theGi(s) = D~1(s) is ob-
tained as follows:

Step 1. Use Algorithm 2 to compute(s) and U (s) such thatD(s) = D(s)U (s),
whereD(s) is column reduced antl (s) unimodular.

Step 2. Use Algorithm 1 to comput@(s) = D~1(s).
Step 3. Comput& (s) = U(s)G(s).
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3. Examples

In this section the methodology proposed in this paper will be illustrated by means
of two numerical examples.

3.1. Examplel

Consider, initially, the inversion of the following column reduced polynomial ma-
trix:

5.484&2 + 1.7321s — 0.2887
D(s) = | —0.8660:2 — 3.4641s — 0.2887
3.464152 + 2.3094 — 1.4434

—1.41422 + 4.2426; +2.1213 —52— 35+ 1
—1.414% —2.1213 -2 ) (10)
3.5355 + 2.8284 —s52

A minimal order state-space realization f61(s) = D~1(s) can be obtained in a
straightforward way providind (s) is written as

54848 14142 -1
D(s) = | —0.8660 0 0|S(s)
3.4641 0 -1

17321 —-0.2887 42426 21213 -3 1
+ | —3.4641 -0.2887 -—-14142 -21213 0 2| ¥(s),
23094 —-1.4434 35355 28284 0 0

where

O O«

S(s) = diag{s?, s%, s°} and 'I’T(s):|:
1

1 0 0 0 O
0 s 1 0 Of.
0 0 O s

Thus, according to steps 2 and 3 of AlgorithmGl(s) = Cc(sI — Ac)~1Bc, where

-4 —0.3333 —-1.6330 —2.4495 0 —2.3094
1 0 0 0 0 0
A= —6.1237 03402 —-1.8333 —4 —2.1213 -2.5927
c~ 0 0 1 0 0 0 ’
—115470 —-2.5981 -2.1213 -5.6569 0 -8

0 0 0 0 1 0
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o —1.1547 0
0 0 0
Bo=|—0.7071 -16499 07071|
0 0 0
0 —4 -1
|0 0 0 |
0 1 0 0 0 O
Cc=[0 0 0 1 0 of.
0 0 00 0 1

Finally, the use of Leverrier’s algorithm leads to the following transfer function rep-
resentation foIG (s):

L 0  -11547 0
Gis)= — | | ~0.7071 —1.6499 07071] s
d(s) 0 4 1

[ 11547 Q5774 -1.1547
+ | —2.8284 89567 49497 |s°
| 15 -65 —7.3333

[ 17321 -9.2376 —2.8868
+ | -5.8926 18856 169706 | s°
| —3.3333 -2 16667

[ 57735 —4.0415 -10.9697
+ | =3.7712 -5.4212 Q7071 |
—-6.5 —4.1667 43333

4.6188 23094 —-1.7321 )

+ | 2.3570 11785 -0.7071
—-3.1667 —1.8333 1

11)

where

d(s) = s + 5.8333° + 5.166%* + 26.6667%°
+ 2233332 + 11.3333 + 0.5.

3.2. Example 2

Suppose it is necessary to find an inverse of the following 3non-column
reduced polynomial matrix:

s34+524+55+3 —s2—-35+1 2%+ 5342541
D(s) = -3 -2 s24+55+1
s34+ 55+4 —s2 254+ 534352445+ 5
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According to Algorithm 3 the first step is to compute a column reduged and a
unimodular matrixU (s) such thatD(s) = D(s)U (s). This can be done by following
the steps of Algorithm 2.

Initially, let us defineD(s) = D(s) and U (s) = I3. Notice that the column de-
grees ofD(s) are 3, 2 and 4, respectively. This implies tiigt) should be multiplied
by the following elementary matrix:

E:[eg e1 62],

wheree; denotes theth column of the identity matrix, in order to obtain a ma-
trix D(s) =D@)E whose columns degrges are ip descgnd[ng ordgr. Therefore, at
this stageU (s) = E. In addition, writing D(s) as D(s) = DncS(s) + Dic(s), one
obtains:

R 2 1 -1
Dne=|0 0 O and S(s) = diag{s4, 53, sz}.
2 1 -1

Notice that@hC has clearly rank equal 1. Performing now a singular value decom-
position of Dy and taking, according to step 4 of Algorithm 2, the columng of
corresponding to the two zero singular values, the following set can be formed:

. ~05774 0
Y =1 05774 |, |0.7071
~05774] |0.7071

It is important to note that the first nonzero elements of the column afe
in different positions, which allows us to construct, in accordance with step 6 of
Algorithm 2, the matrixU (s) directly, as follows:

—0.5774 0 0
UGs)=| 05774 07071 0.
—057742 0.707 1

Notice thatl/ (s) is constructed in order to be a lower triangular matrix, being, there-
fore, unimodular.

Following step 7 of Algorithm 2, it is possible now to compuiés) and U (s),
which are given as:

i 1.7321s% + 2.30942 + 0.5774 — 0.5774
D(s) = 057742 — 4.6188 — 0.5774
—0.5774% + 1.1547%2 — 2.8868

—1.4142% + 42426; + 21213 —s2 — 35+ 1
—1.414% —2.1213 -2
3.5355 + 2.8284 —s52
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and
0.5774 0.7071 O
—0.5774 0 0

U(s):El_/(s):|:—0.577492 0.7071 1

Going back to step 2, it is necessary now to find a new mérilt is clear that
E = I3, since the column degrees Df(s) are already in descending order. Thus we
can makeD(s) = D(s) andU (s) = U(s). As pointed out in Remark B, since what
one is actually interested in is the resulting column reduced matt&® and the
unimodular matrixt (s), the matricesD(s) and U (s) may be discarded afted(s)
andU (s) having been computed.

As in the previous iteration, the high leading coefficient mairix and the matrix
S(s) of column degrees fob(s) should be obtained. These matrices are given by:

A 1.7321 -14142 -1 .
Dpc = 0 0 0 and S(s) = diag{s?’, 52, sz}.
—0.5774 0 -1

By performing singular value decomposition, it can be seen fhathas one zero
singular value, which shows thax(s) is still non-column reduced. Consequentty
is a single-element set, as follows:

7 ={[o5 08165 —02887}.
This implies that

_ 0.5
U(s)=| 0816 e, e3].

—0.2887s

The new matrice® (s) andU (s) will be given by:

—0.8660:2 — 3.4641s — 0.2887
3.464152 + 2.3094 — 1.4434

—1.41422 + 42426 + 21213 —5? — 35 + 1j|

i 5.48487 4 1.7321s — 0.2887
D(s) =

—1.414% —2.1213 -2
3.5355 + 2.8284 —s52

and

0.8660% 07071 O
—0.2887 0 0

U(s) = U@s)U(s) = |:O.2887s2—0.2887s 0.707 1
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Since the matrixD(s) above is column reduced, Algorithm 2 reaches its end. The
next step of Algorithm 3 is to use Algorithm 1 to find—1(s). Notice that this has
already been done sind#(s) given above is equal to the matrix given in (10), whose
inverse is shown in (11). Therefore a transfer function representatio6 for =

D~ 1(s) = U(s)G(s) is given by:

1 0 0 0
Gis)= — | |0 -03333 0|s°

d@s) \ | o 0 0
) -1 0
+ | -0.1667 —0.6667 01667]s°
o 0 0
[ 05 —0.6667 —05
+|-18333 -05 2 |s*
0 0.3333 0

-05 —1.6667 1
+| —-15 —-36667 23333|s°
| —0.3333 -0.1667 03333]

[ 0.8333 -21667 25
+ | —6.3333 -4 4.8333| 52
—05 26667 08333

[ 13333 -1.8333 -1
+ | —6.1667 —4 4.3333] s
| —1.6667 11667 31667

1.6667 08333 —0.5000 )

+ | —3.1667 —1.8333 1
—1.3333 -0.6667 Q5000

where, as in Example 1,

d(s)=s% + 5.8333° + 5.1667%* + 26.6667%°
+ 2233332 +11.3333 + 0.5.

4. Conclusions

In this paper, algorithms of easy implementation to compute inverses of either
column or non-column reduced polynomial matrices have been proposed. With the
help of Leverrier's algorithm, it has also been suggested an efficient way to com-
pute determinant of polynomial matrices. Finally, numerical examples are given to
illustrate the efficiency and simplicity of the algorithms.
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